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Abstract. In this paper, we introduce the notion of generalized rational Okamoto— Painleve pair 
{S, Y) by generalizing the notion of the spaces of initial conditions of Painleve equations. After 
classifying those pairs, we will establish an algebro-geometric approach to derive the Painleve 
differential equations from the deformation of Okamoto-Painleve pairs by using the local coho- 
mology groups. Moreover the reason why the Painleve equations can be written in Hamiltonian 
systems is clarified by means of the holomorphic symplectic structure on S — Y. Hamilton- 



ian structures for Okamoto-Painleve pairs of type E^i^ 
explicitly as examples of our theory. 



Pll) and Dsi= ^///) calculated 



0. Introduction 

In the study of Painleve equations, the spaces of initial conditions introduced by K. Okamoto 



[01], [02|, |03| have been playing essential roles. It is known that each Painleve differential equa- 
tion is equivalent to one of Hamiltonian systems whose Hamiltonians are given by the polynomials 
in two variables {x,y). (See Table and || in §0). The space {x,y) G can be compactified 
and one can obtain a pair (5, Y) of complex projective surface S and an anti-canonical divisor 
Y E \ — Ks\ such that S — Y^ed becomes a space of initial conditions. In the study of the space 
of initial conditions as in 



nj, [ MMT |, it became clear that after eliminating the singularities 
of Painleve differential equation by blowings-up, the boundary divisor Y should have the same 
configuration as in the list of degenerate elliptic curves classified by Kodaira ||Ko(j ] . This condition 
can be translated into the following conditions. Let Y = X]i=i £ I ~ -^5 1 be the irreducible 
decomposition. Then Y is called of canonical type if and only if 

Aeg{-Ks\Y, = deg Yiy; = F • = for all i. 



In [ 3a-Tak |, we call such a pair {S^Y) an Okamoto-Painleve pair if 5 — Y^ed contains 
as a Zariski open set and F = 5 — is a normal crossing divisor. One can verify that all 
compactifications of the spaces of initial conditions of known Painleve equations satisfy these 



conditions (cf. |01|, |MMT|). Therefore, in this notation, the former studies of Painleve equations 
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establish the route in the direction: 



Painleve equations 



Okamoto-Painleve pairs {S, Y) 



(1) 



The main purpose of this paper is to establish the route backward, that is, the route in the 
following direction 

' ■ ■ (2) 



Okamoto-Painleve pairs {S, Y) 



Painlcvc equations 



Our main tool here is the deformation theory of pairs (5, Y) (cf. KSl, [Kaw ) and local cohomol- 



ogy exact sequence (cf. [B-W]). The deformation theory was established by Kodaira-Spencer in 
|KS| in late 1950's. Kawamata | Kaw| generalized the deformation theory to compactified complex 
manifolds, or pairs of smooth compact complex manifolds and simple normal crossing subvarieties. 
Applying the deformation theory, we can see that the space of infinitesimal deformations of the 
Okamoto-Painleve pair {S,Y) is isomorphic to the cohomology group {S, Qs{^ log D)) where 
D — Yred- Looking at the restriction homomorphism 

res : H\S, es{- logD)) H\S - D, Os-d), 

we see that the kernel of the restriction map res has the important meaning, that is, the direction 
corresponding to the kernel of res is the infinitesimal deformation of {S, Y) which induces the trivial 
deformation on S* — I?. Roughly speaking, one can say that the Painleve differential equations 
describe the deformations corresponding to the direction of the kernel of the restriction map. 

To be precise, let us consider a family of Okamoto-Painleve pairs V ^ S — > Br with one- 
dimensional base space Bn with a coordinate t such that the Kodaira-Spencer class p(^) lies 
in the kernel of the restriction map res. Then by using the affine covering of S — V and Cech 
cocycles, we can derive a system of ordinary differential equation. Note that this observation will 
be applicable to the higher dimensional cases. 

From these observation, we see that the kernel of res corresponds to the directions of time 
variables in the Painleve differential equation. 

Furthermore, we can apply the local cohomology exact sequence to our settings and obtain the 



exact sequence (cf. [ |B-W| , |Gr|) 

Hh{S,Qs{'\ogD)) ^ H\S,Qs{ 



\ogD))'^H\S-D,Qs-D) 



Under the condition that (S*, Y) is of non-fibered type, the map fj, is injective, and hence, the 
local cohomology group Hjj{S, &s{— logD)) coincides with the kernel of res. Therefore, non-zero 
element of the local cohomology group H}j{S, &s{— logD)) corresponds to a time variable of the 
Painleve equation. For a generalized rational Okamoto-Painleve pair (5*, Y) of additive type, if 
Yred is normal crossing divisor, Terajima Q proved that the dimension of the local cohomology 
group is positive, hence, we can always obtain a differential equation. 

In order to obtain an explicit differential equation for each type R from our setting, we need 
to construct a global family of generalized rational Okamoto-Painleve pairs of type R over a 
parameter space Mr x Br which is semiuniversal at each point. Moreover we need to introduce 
a good affine open covering of the total space such that the rational two form lus restricted to 
S — Yred has a canonical form. (See §H and §|[) 
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The organization of this paper is as foUows. In §|T|, we define the notion of generahzed Okamoto- 
Painleve pairs and recall the relation to generalized Halphen surfaces, which are studied by Sakai 
[3akai|. We also classify generalized rational Okamoto-Painleve pairs {S,Y) such that Yred are 
normal crossing divisors. A generalized rational Okamoto-Painleve pair (S*, Y) is called of fibered 
type if there exists a structure of elliptic fibration / : S — > such that /*(oo) = nY for some 
n > 1. We show that {S,Y) is not of fibered type if and only if regular algebraic functions on 
S—Yred are just constant functions. This fact is also important for later purpose. After recalling the 
theory of deformation of pairs in we investigate the cohomology groups for generalized rational 
Okamoto-Painleve pairs. In §3, we will apply the theory of local cohomology to our situation, and 
have the fundamental exact sequence (Proposition 3.1). Moreover, we state an important result, 
Theorem which is proved in After reviewing the Kodaira-Spencer theory in in §|^, 
we will explain how one can construct the family of generalized rational Okamoto-Painleve pairs 
and their open coverings. In we will state our main theorem (Theorem 6.1), which states that 
from the special global deformation of generalized Okamoto-Painleve pairs one can obtain the 
differential equations. Moreover the reason for the equations to be in Hamiltonian systems will 
be explained geometrically. In §^ we will derive the Painleve equations from the deformations of 
Okamoto-Painleve pairs of type and Dg, . 

Prior to our work here, in [^U| , M.-H. Saito and H. Umcmura essentially pointed out that the 
deformation of spaces of initial conditions describes Painleve equation completely. In this sense, 
this paper is a continuation of |SU], though we have clarified the meaning of time variables by 
means of local cohomology groups in this paper. 

The recent work due to Sakai | Sakai] introduce the following beautiful viewpoint: The geometry 
of certain rational surfaces with the symmetries induced by Cremona transformations describe the 
discrete Painleve equations and the Painleve equation can be obtained as a limit of the discrete 
Painleve equations. We owe much to his beautiful paper |3akai|. In particular, some of the explicit 
calculations are done by using his descriptions of the family of Okamoto-Painleve pairs in [ pakai | . 

The works of Takano et al [MMT|, |ST| is also essential to our work. In we use the coordinate 
systems introduced by them. 

The series of the work is started by |3a-Tak|, where we introduce the notion of Okamoto-Painleve 
pair and classify Okamoto-Painleve pairs {S,Y). 

One of missing points in our work here is the theory of Backlund transformation of Okamoto- 
Painleve pairs. In this direction, one should refer to a series of works of M. Noumi and Y. Yamada 
(e.g. I NY]), also Sakai's work ] Sakai ]. In ]SU], the authors tried to understand the Backlund 
transformation by using the notion of "flip " or "flop" in the theory of the minimal models of 
higher dimensional varieties. We will investigate this point in future. 



1. Generalized Okamoto-Painleve Pairs 

Let S" be a complex projective surface. We denote by Ks the canonical line bundle or the 
canonical divisor class of S. Assume that the anti-canonical divisor class ~Ks is effective, that is, 
there exists an effective divisor F G ] — Ks\. Geometrically, this is equivalent to the existence of 
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a rational 2-form wy on S whose corresponding divisor (cjy) = — (a;y)oo = —Y- Such a divisor Y 
is called an anti-canonical divisor of S as usual. Since ujy dose not vanish on S — Y, it induces a 
holomorphic symplectic structure on S — Y. 

In |Sa-Tak[ , we introduce a notion of Okamoto-Painleve pair {S, Y) which is a pair of complex 
projective surface S and an anti-canonical divisor Y satisfying certain conditions ([Definition 2.1 
pa-Tak| |]). Generalizing the notion, we will start this section with the following definition. 

Definition 1.1. Let {S,Y) be a pair of a complex projective surface S and an anti-canonical 
divisor y G | — Ks\ of S. Let Y = ^iYi be the irreducible decomposition of Y. We call a 

pair (5, Y) a generalized Okamoto-Painleve Pair if for all i, 1 < z < r, 

r-K, = degl^y^ =0. (3) 

According to |^a-Tal^ | , we listed the additional conditions for Okamoto-Painleve pairs besides 
the condition (||) as follows. 

1. Let us set D :— Yred = X]i=i Yi- Then S — D contains the complex affine plane as a 
Zariski open set. 

2. Set F — S — where is the same Zariski open set as in (1). Then is a (reduced) 
divisor with normal crossings. In particular, D — Yred is also a reduced divisor with normal 
crossings. 

Under this definition, we proved the following classification of Okamoto-Painleve pairs in 
pa-Tak | . We remark that an Okamoto-Painleve pair of type D^ did not appear in the classi- 
fication of classical Painleve equations |01|. 

Tiieorem 1.1. ( pa-Tak |.) Let {S,Y) he a generalized Okamoto-Painleve pair and assume that 
S — Yred contains and F ~ S — is a reduced divisor with normal crossings. ( That is, (S, Y) 
is an Okamoto-Painleve pair in original sense. ) Then we have the following assertions. 

1. The surface S is a projective rational surface. 

2. The configuration of Y counting with multiplicity is in the list of Kodaira's classification of 
singular fibers of elliptic surfaces [cf |Kod|). More precisely, it coincides with one in the 
following Table [J. (In Figure ^ each line denotes a smooth rational curve C with = — 2 
and the configuration of lines show how they intersect to each other. The number next to 
each line denotes the multiplicity of each curve inY= —Ks.) 



Generalized Halphen surfaces 



According to Sakai [§4, [3akai|], we recall the following definition. 



Definition 1.2. 1. Let S" be a rational surface with an effective anti-canonical divisor Y g 
I — Ks\. Let Y — 'ni'iYi be the irreducible decomposition. The divisor Y is called of 

canonical type if 

Ks ■Yi = -Y ■Yi = Q for all i 



DEFORMATION 



OF OKAMOTO-PAINLEVE PAIRS AND PAINLEVE EQUATIONS 



5 




Figure 1. 
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Table 1. 



2. A rational surface S is called a generalized Halphen surface if S has an effective anti-canonical 
divisor Y of canonical type. A generalized Halphen surface S is called of index one if 

dim I - Ks\ = 1. 

Remark 1.1. By Riemann-Roch theorem, it is easy to see that for a generalized Halphen surface 
S dim I -Ks\ < 1. 

The following Proposition ensures that one can obtain a generalized Halphen surfaces from 
blowing-up of 9-points of . 



Proposition 1.1. ( Proposition 2, ^2, |Sakai| ). Let S be a generalized Halphen surface, then 



there exists a birational morphism p : S — > P^ . 

Let {S, Y) be a generalized Okamoto-Painleve pair such that 5' is a rational surface. Then 5' is a 
generalized Halphen surface with a specified anti-canonical divisor Y . As a corollary of Proposition 
we obtain the following corollary. 



1.1 



Corollary 1.1. Let {S,Y) he a generalized rational Okamoto-Painleve pair. Then S can be ob- 
tained as 9 points blowing-up o/P^. 

One can show that Y has a same configuration as one of Kodaira's degenerate elliptic curves 



for a generalized rational Okamoto-Painleve pair {S,Y) (cf. Proof of Theorem 2.1 in [ Sa-Tak l). 
If S* is a generalized Halphen surface of index one, the morphism associated to the linear system 
— Ks\ induces an elliptic fibration ip : S — > P^ with ip* {00) = Y. (Here 1^9* (00) denotes the 
scheme theoretic fibers at cxd G P^. ) This leads us the following 

Definition 1.3. A generalized Okamoto-Painleve pair {S,Y) is called "of fibered type" if there 
exists an elliptic fibration (p : S — > P^ such that ip* {00) — nY for some n > 1. If {S, Y) is not of 
fibered type, we call (S*, Y) ^^of non-fibered type ". 

Note that if {S,Y) is of fibered type and ip : S — > P^ is elliptic surface with p*{oo) — nY 
with n > 1, 93* (00) is called a multiple fiber. This happens only when Y is of elliptic type or 
multiplicative type in the notation below. 
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In [Sakai , Sakai classified generalized Halphen surface S with dim | — Ks\ = 0. In the case when 
dim 1 — Ks\ = 0, the associated Okamoto-Painleve pair {S, Y) with a unique member Y € \ — Ks\ 
is of non-fibered type and they can be classified by means of the configuration of Y. 

Let Y — "^iYi be the irreducible decomposition of Y . Denote by M{Y) the sublattice of 

Pic(S') ~ H^{S,Z) generated by the irreducible components {i^ij^^i. Here the bihnear form on 
Pic(S') is (—1) times the intersection form on Pic(5'). Then {Fij^^i forms a root basis of M{Y) 
and we denote by R{Y) the type of the root system. 

One can easily classify R{Y) as in Table ||. Note that according to the type of Y, R{Y) can 
be classified into three classes: elliptic type when y is a smooth elliptic curve, multiplicative type 
when y is a cycle of rational curves, additive type when the configuration of Y is tree. These types 
also correspond to the type of generalized Jacobean Pic^{Y) of Y. If we denote by (Pic''(F))" the 
component of identity of Pic°{Y), we have the following correspondence (cf. Table ||). 



RiY) 


(Pic^'(r))" 


elliptic type 


smooth elliptic curve Y 


multiplicative type 




additive type 


Ga^C 



Table 2. 





R{Y) (Kodaira type) 


elliptic type 


Ao{= /o) 


multiplicative type 




additive type 


ii),Ai{= iii),Au= m 

Eei^ IV*), ^7(- ///*), ^8 (= 



Table 3. 



Proposition 1.2. Let {S,Y) be a generalized rational Okamoto-Painleve pair such that Yred is a 
divisor with only normal crossings. Then besides the list of Okamoto-Painleve pairs in Table 1, 



8 



MASA-HIKO SAITO, TARO TAKEBE & HITOMI TERAJIMA 



we have a pair {S, Y) of type and also for < r < 8 and Aq . Here for Aq, Y is a smooth 
elliptic curve (Kodaira lo-type) and for Aq , Y is a rational curve with a node (Kodaira Ii-type). 

We list up generalized rational Okamoto-Painleve pairs with normal crossing divisor Yred in 
Table |. 
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Table 4. 



Regular algebraic functions on S — Y. 

Let {S, Y) be a generalized rational Okamoto-Painleve pair. If (S, Y) is of fibered type, that 
is, if there exists an elliptic fibration ip : S — > with (p{oo)* — nY , pulling back non-constant 
regular algebraic functions on P"'^ — {00} C, we have many non-constant regular functions on 
S — Y. We can prove the converse of this fact. 

Proposition 1.3. Let {S,Y) be a generalized rational Okamoto-Painleve pair. The following con- 
ditions are equivalent to each other. 

1. {S,Y) is of non-fibered type. 

2. H^{S — Y^O""^^) ~ C, that is, all regular algebraic functions of S — Y are constant functions. 

Proof. As we remarked as above, the implication (2) (1) is obvious. Assume that there exists 
a non-constant regular function f on S — Y . Then the morphism f : S — Y — > C extends to a 
morphism 

Set Y' ~ /*(oo). Since / is regular on S — Y, recalling the irreducible decomposition of y = 
X]I=i "^i^! can write 

y'-^a.y 

1=1 

with Oi > 0. First we show that a.i > for every I < i < r. If for some i, the configuration of 
^red becomes a proper sub- graph of the configuration of Yred- Since the graph of Yred corresponds 
to an affine Dynkin diagram, one can easily see that Y' can be contracted to rational double points 
{pi, • • • ,Ps} and obtain a normal surface S" with normal singular points {pi, ■ ■ ■ ,Ps}. Since S — Y' 
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As 



Figure 2. 

and S' — {pi, ■ ■ ■ ,Ps} are isomorphic and / is regular on 5 — F' ~ S" — {pi, ■ ■ ■ ,Ps}, f extends 
to a regular function on S'. Since S' is proper, / must be constant and hence / is also constant. 
This contradicts to the original assumption. Hence wc sec that ai > for all 1 < i < r. 

This implies that Y^f^^ = Yred and since Yrerf is connected, so is Y^^^. Taking the Stein fac- 
torization if necessary, we may assume that all of the fiber oi f : S — > is connected and 
f*{oo)red = Yred — ^red- (Note that 5 is a rational surface, hence the irregularity of 5 is zero.) We 
will show that general fiber of / is an elliptic curve. Since S is smooth and / has connected fibers, 
we only have to show that the virtual genus of Y' is one. Since —Ks = Y and Y' = J2i=i ^i^i^ we 



10 



MASA-HIKO SAITO, TARO TAKEBE & HITOMI TERAJIMA 



see that 

r 

1=1 

by definition of Okamoto-Painleve pair. Moreover since Y' is linear equivalent to a general fiber 
of /, we see that F' • Fj = for all 1 < i < r. Hence we see that {Y')"^ = 0. Then the virtual genus 
of Y' is given by 

and this completes the proof of proposition. □ 

2. Deformation of generalized rational Okamoto-Painleve pairs 

In this section, we will recall necessary background of theory of infinitesimal deformation of 
Okamoto-Painleve pairs. First, we will recall the general theory of deformation of pairs. 

General Theory of Deformation of Pairs 

Let {X, H) be a pair of a complex manifold X and a (reduced) normal crossing divisor and let 
H = X]I=i t'e the irreducible decomposition of H . By a technical reason we will assume that 
-ff is a simple normal crossing divisor, that is, each irreducible component Hi is a smooth divisor. 
We call such a pair {S, H) is a non-singular pair . 

For such a non-singular pair (S,H), the normalization H of H is given by the disjoint union 
Yil^i Hi of i?i's, and we denote hy v : H — > H the normalization map. 

First, we recall the general theory of deformation of a non-singular pair (X, H) due to Kawamata 
| K^ . (See also [^SU|| ). 



Let (log H) denote the sheaf of germs of meromorphic one forms on X which have logarithmic 
poles along H. Moreover, we set 

Qxi-logH) ■.^Bom{nl,{\ogH),Ox). 
This is the sheaf of germs of regular vector fields which have logarithmic zero along H. 



Definition 2.1. (Cf. [Definition 3, Kaw |]) A deformation of a non-singular pair {X,H) is a 
5-tuple {X, H, TT, B, i) 

1. TT : X — > _B is a proper smooth holomorphic map from a complex manifold A:" to a connected 
complex manifold B 

2. 7i = ^[^.j^ Tii is a simple normal crossing divisor of X 

3. For a point G B, we have an isomorphism l : (7r^^(0), 7r^^(0) CiH) = {Xq, Hq) — {X, H). 

4. TT is locally a projection of a product space as well as the restriction of it to ?i, that is, for 
each p £ X there exists an open neighborhood U of p and an isomorphism (p : U — > V x W, 



DEFORMATION OF OKAMOTO-PAINLEVE PAIRS AND PAINLEVE EQUATIONS 11 

where V = 7r(C/) and W = tt^^ {tt{p)), such that the foUowing diagram 

U ^ V xW 

V 

is commutative and ip{U DH) = V x {W DH). 

The deformation of a pair is often denoted by the foUowing diagram: 

B 

For a deformation tt : X — > B of complex manifold X = Xq, we can define the Kodaira-Spencer 
class 

p:ToiB) ^ H\X,Qx)- 
Similarly, for a deformation of a pair {X, H) as above, we can define the Kodaira-Spencer map 

p -.ToiB) ^ H\X,ex{-logH)). 

As for the existence of Kuranishi space of local semiuniversal deformation of a pair, we have the 
following theorem due to Kawamata [Cor. 4, |Kaw|]. 

Theorem 2.1. For each pair {X,H) of a compact complex manifold X and a normal crossing 
divisor H , there exist a germ of a complex variety (B, o) and the semiuniversal deformation of 
{X,H) 

B 

Moreover if 

H\X, ex(-logi/)) = {0}, 
the germ {B,0) is smooth and the Kodaira-Spencer map induces an isomorphism 

To{B) ^ H\X,ex{-\ogH)). 
The following Lemma is well known and easy to verify. 

Lemma 2.1. Let {X,H ~ X]i=i ^i) above, and let v : H — Hi — > H he the normal- 

ization map. Then we have exact sequences of sheaves: 

(log H) ^ V, (©t 1 OhJ ^ (4) 

Qx{-\ogH) — > ex y*{®\=^NH^,x) (5) 

Here the map P.R. : r2^(logiJ) > v*{®\^iOHi) is induced by the Poincare residue and Nfj.jx = 

Ox (Hi) /Ox denotes the normal bundle of the divisor Hi C X. 
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Deformation of generalized rational Okamoto Painleve pairs 

Let {S, Y) be a generalized rational Okamoto-Painleve pair. Recall that Y = "^i^i is 

the anti-canonical divisor —Ks- Moreover we set Di = Yred = From now on, we will 

calculate some cohomology groups of the pair (S*, D) for Okamoto-Painleve pair {S, Y) which we 
will use later. 

Let i : D ^ S he the natural inclusion and v : D = lJ[=i Yi ~> D the normalization map. Set 
j — i ■ u. First, let us consider the following Gysin exact sequence 

H^{S, C) — > H^{S -D,C) — > H"{D, C) ^ H^{S, C) — . (6) 

The following lemma is important. 

Lemma 2.2. Under the same notation as above, the Gysin map gives an infective homomorphism 

H°{D,C) i?2(5,C). 

Proof. Since 

c) = ©Li^f°m, c) = ®r=iC • 1f„ 

and the image of the Gysin map of ly^ is just the divisor class Yi S H^{S, C) ~ Pic(S') C, we 
only have to show that the classes is lineally independent in H^{S,C). Looking at the 

intersection matrix of we easily see that only possible linear relation is 



r = 2^ m,Y, = 0. 



On the other hand, Ks = —Y and S has at least one (— l)-smooth rational curve E. By adjunction 
formula, we see that Y ■ E ~ —{Ks) ■ E ~ 1, hence we see that is linearly independent. □ 



As a corollary to Lemma 2.2, we obtain 



Corollary 2.1. For a generalized rational Okamoto-Painleve pair {S,Y), we have the following. 

1. H\S - D,C) = 0. 

2. H°{S,nWogD)) = 0. 

3. H\S,es{-\ogD))^0. 

4. H^S,Qs)^0. 

Proof. Since S* is a rational surface, we have H^{S,C) — 0. From the exact sequence (0) and 



Lemma 2.2, we have the first assertion. Then from the mixed Hodge theory, we have an inclusion 

H°{S,nWogD)) ^ H\S ~ D,C). 
This proves the second assertion. For the third assertion, let us consider the Serre duality 

H\S, Qsh ^ogD)y ^ H"{S, nlilogD) (E> Ks). 
Since Ks = Os{—Y), we have an inclusion 

H"{S,n].{logD)®Ks) ^ H°{S,nWogD)) = {0}, 
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This shows the third assertion. From the exact sequence (||), we obtain the exact sequence 

H\S, Qsi- log I?)) H\S, Qs) ^ H\D, Nd^,s) 0. 
Since diml? = 1, H^{D, N]j./s) = 0, hence, from the third assertion we obtain the fourth assertion. 



The foUowing geometric facts are very important for our purpose, (cf. [Lemma 3, [AL|], |SU|) 



Proposition 2.1. Let iS,Y) be a generalized rational Okamoto-Painleve pair such that Y is a 
divisor with normal crossing and {S,Y) is not oj fihered type. 

1. H^(S - 0,0"^'^) ~ C 

2. H'^{S — -DjOg^^)) — 0. Here 65^^) denotes the sheaf of germs of algebraic regular infinites- 
imal automorphisms. 

3. H'^{S,Qs{H)) — for any effective divisor H supported on D. 

4. H^{S,Qs{''^ogD){H)) = for any effective divisor H supported on D. 



Proof. The first assertion foUows from Proposition 1.3. Since on S there exists a non-zero 
rational 2-forms us which is non-degenerate on S — D, ujs induces an isomorphism Qs-d — ^s-d- 
Hence it suffices to show that H°{S - D, = (0). Taking a section 77 e H°{S - D, rj^'^'^), 

we see that drj/tus is a regular holomorphic function on S — D, hence constant c (cf. Propositin 



1.3). So this implies that drj = c ■ wg. On the other hand, we can easily see that ujs is non-zero 
element in H^j^iS - D, C), hence drj = 0. Hence it lies in H^{S - D,dOgljj). Since we have an 
isomorphism (cf. [3.1.7.1, Q]) 

H\S^D,Cs-d)o,U\,j,{S-D), 



and H^{S — D, Cs-d) = (0) from Corollary 2.1, (1), we see that rj can be written as df for some 
/ G H'^IS — D,Og'^jj). However since / is constant (Proposition p^ ), we see that rj = df = 0. 
The last two assertions easily follow from the second assertion. □ 
The following proposition shows that the Kuranishi space of a generalized rational Okamoto- 
Painleve pair {S, Y) is smooth and has dimension 10 — r where r denotes the number of irreducible 
components of Y. 

Proposition 2.2. Let (S, Y) be a generalized rational Okamoto-Painleve pair such that D = Yred 
is a simple normal crossing divisor and Y ^ Aa-type. Then we have 

C2{S) = topological Euler characteristic = 12, (7) 

62 (5) = rank H^{S,Z) = 10, (8) 

dimi7i(S',es) = 10, (9) 

and 

dimH^{S,Qs{-\ogD)) = lQ-r (10) 

where r is the number of irreducible components of Y . Moreover, the Kuranishi space of the local 
deformation of the pair {S, D) is smooth and of dimension 10 — r. 
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Proof. First, from Nocthcr's formula, we obtain 

x{S,Os)^j^{iKsr + c2{S)). (11) 

From the definition of a generalized rational Okamoto-Painleve pair {S,Y), we have Kg — —Y 
and {KsY = = 0. Since S is rational, we have x(<S', Os) — 1- Hence, we have 



C2 



(5) = 12.|] 



Since B\(S) = 0, the above equality implies that B2{S) = 12 — 2 = 10. 
From Riemann-Roch-Hirzeburuch formula, we obtain 

Bs) - 5](-l)' dimi/'(5, Qs) = g(7 • (i^s)' - 5c2(5)). 

1 

Then again from (Ks)'^ = we obtain 

X(^,es) = -^c2(5) = -^xl2 = -10. 
6 6 



Moreover from Corollary 2.1, (4) and Proposition 2.1 we obtain H^{S,Qs) = for i = 0, 2, and 
hence 

diiJi H\S, e s) ^ 10. (12) 

For H^{S,Qs{—^ogD)), consider the exact sequence 

— > Qsi-logD) Os M®:^iNy,/s) 0. (13) 

Remember D = Yred ~ Sl=i ^i- Since Ks -Yi — Q and Yi ~ by assumption, the adjunction 
formula shows that 

degA^y,/s = -2 or Ny, / s ^ O^i {~2) . 

Then since i/0(pi, Opi (-2)) = 0, H^{V^ ,Opi{-2)) ~ C and H'^{S,Qs{-\ogD)) = 0, we have 
the following exact sequence 

H\S, Qs{- logD)) H\S, Qs) — ©LiC[r.] (14) 



This implies that the assertion (|1C|) holds. The last assertion follows from Theorem p.l| and the 
fact that iJ2(S',es(- log!?)) = 0. 



Note that this also follows from the fact that S is a 9-points blown- up of P'^. 
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Table of the deformation of generalized rational Okamoto Painleve pairs. 























\ ' 

I 


TP 




TP 






TP 








Number of components of Y 


9 


9 


8 


8 


7 


7 


6 


5 


r 


dimi7i(S',es(-logL>)) 


1 


1 


2 


2 


3 


3 


4 


5 


10 - r 


Painleve equation 


Pi 


p-Ds 
^III 


Pii 


^III 


pDe 
^III 








none 



Table 5. 



3. Local cohomology sequences and Time variables 

Let {S, Y) be a generalized rational Okamoto-Painleve pair and set D — Yred- Moreover, in this 
section, we assume that 

1. (S*, Y) is of non-fibered type and 

2. Yred is a normal crossing divisor with at least two irreducible components, i.e. (r > 2) so 
that all irreducible components of Y^ed are smooth rational curves. 

In what follows, Os and Os-d denote the sheaves of germs of algebraic regular functions on S 
and S — D respectively. Moreover all sheaves of Og-modules are considered in algebraic category 
unless otherwise stated. Let us consider the following exact sequence of local cohomology groups 
([Corollary 1.9, [Gr]]) 

i7"(5,e5(-logD)) -^H°{S-D,es{-\ogD)) Hh{Qs{- log D)) ^ (15) 
H\S,es{-logD)) '^H^{S-D,es{-\ogD)) . (16) 



Since {S,Y) is of non-fibered type, from (2), Proposition 2.1, we see that 

i7°(^ - D, Qs{- log!?)) = H"{S - D, 65) = {0}. 

Hence, we have the following 

Proposition 3.1. For a generalized rational Okamoto-Painleve pair of non-fibered type, we have 
the following exact sequence: 

0^ Hl{es{-\ogD)) ^ H^{S,Qs{- log D)) ^ H\S ~ D,Qs{~logD)) 

(17) 

The following theorem is proved in Q . 
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Theorem 3.1. Let {S,Y) he a generalized rational Okamoto-Painleve pair {S,Y) with the condi- 
tion above. Moreover D — Yred is of additive type. Then we have 

dimH°{D,es{~logD)(g,ND)^l. (18) 

Here we put No = Os{D)/Os. 
Since we have a natural inclusion 

H\D,Qs{-^ogD)®ND) H],{Qs{-yogD)), 

we obtain 

dimHU<ds{-\ogD))>l. (19) 

This theorem plays an important role to understand the Painleve equation related to {S,Y). 
We will not investigate the further structure of local cohomology here. Instead, we propose the 
following 



Conjecture 3.1. Under the same notation and assumption as in Theorem 3.1, 

Hi{Qs{-\ogD)) ^ H\D,Qs{-\ogD) ® Nd) ^ C. (20) 

From the exact sequence (|l7|), we see that the subspace Hjj{S, 6s (— logF)) ofH^{S, Qs{— ^ogY)) 
coincides with the kernel of fi. This implies that: 



to S* — _D induces the trivial deformation 
In we will show that any direction corresponding to a non-zero element of the local coho- 
mology group Hjj{S, Qs{— log-D)) induces a differential equation (at least locally) by using Cech 
coboundaries. 

At this moment, we can not prove Conjecture 3.1 in the full generality. However, we see that the 
one dimensional vector subspace ff^(i:',es(- log L))(8)iV_D) of iJ^(es(- logD)) C iJ^(es(- logD)) 
really corresponds to the time variable t in the known Painleve equation. It is unlikely that we 



will have more time variables, so this gives an evidence of Conjecture 3.1 



Let us explain the strategy of proving Theorem 3.1 in Recall that 



HhiS,esi~^ogD))=ljjnExt\0„D,esi-logD)) 

where 0„d = Os/Osi~nD) (cf. [Theorem 2.8, [Gr]]). 

On the other hand, since Os(— logD) is a locally free Os-module, we see that 

nom{OnD,es{- log D)) = 0, (21) 

and 

£xt\OnD,Os{-logD)) = Osi-logD) ^ NnD, (22) 
where Nno = Os{nD)/Os. By an argument using a spectral sequence, we see that 

H},{S,es{~logD)) = lmiH"{es{-\ogD) ® N„d) (23) 
Hence, we have a natural inclusion 

H'^iesi-logD) ® Nd) ^ HUS,esi-logD)). (24) 
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Lemma 3.1. Let {S,Y) be a generalized rational Okamoto-Painleve pair as above and set D = 
Yred- Then we have the following exact sequences 

— >eD®ND~~^es®ND — M®1=iNy,/s) <E>Nd^O. (25) 

M®1=iNyjs) logi^) ^Nd ^Qd'^Nd ^0. (26) 

Here Qd denotes the tangent sheaf of D and v : D — > D the normalization map. 



Proof. The first exact sequence ( |25| ) follows from [(1.9), |B-W|] 
Let us consider the following diagram: 




i 

e5(-iogi?) 

i 

es 

i 

i 






i 

i 
i 

i 




ker A 

i 

Qs{-^ogD)®ND 
i A 

i 

coker A 

i 




0. 



By the snake lemma, we obtain the exact sequence 

— > ker A — > v*{®'1=iNy,/ s) v*{®'i.=iNYi/ s) ®Nd — > coker A 
From a local consideration, we see that the map /i is the zero map, hence 

ker A ~ v*{®l=i^Yi/ s)^ i^*(®r=i^i'i/s) ®Nd'^ coker A. 
Moreover since ImA ~ ker[65 ® No — > i^*{®l=iNYi/ s) ® No], from the exact sequence 
we obtain the exact sequence (EO). 



From the exact sequence (^6|), one can obtain 

H\(BU^Nyjs) H\Qs{-\ogD)®ND) H^ieo^No) ^ i?'(®LiA^y,/s). 

where S denotes the connected homomorphism. 
Note that since Ny^/s = C'y. (— 2), we have 

H°i(BUNY/s) = {0}, H'ioUNYjs) ^ C. 
Moreover, one can easily see that 

eD-i^*{(BeYA-u))-i^*{(BOYA2-u)) 

where ti is the number of intersections of Yi with the other YjS. On the other hand, since D ■ 
ti — 2, we see that 

H°{eD ® Nd) ^ h''{(b';^,Oy), 

hence 



□. 

(27) 



Y 



(28) 
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From this, the connectmg homomorphism S 

S : i/°(eD ® Nd) (BI=iH\Ny,/s) (29) 
can be identified with a hnear map S : C — > C" and we have an isomorphism 

H°{D,es{-\ogD)(^ND) :^kerd. (30) 
The foUowing proposition is the main theorem of [Q. 



Proposition 3.2. Let {S,Y) be as in Theorem 3A. A matrix representation of the linear map 



6 : H^{Q]j (g) N]j) > ®\^iH^{Nyjs) is equal to the ± of the intersection matrix of 

Since the intersection matrix {{Yi •yj))i<i.j<r has exactly one- dimensional kernel corresponding to 
the space ofY = X]i=i n^i^i^ we have 

H^\D,Qs{-\ogD)® Nd) ker^ = C. 

4. Reviews on Kodaira-Spencer theory 
In this section, we review on Kodaira-Spencer theory of complex analytic deformation. A main 



reference is [KS| 



Let X be a compact complex manifold of dimension n. We can take a locally finite open covering 
{Ui}iei of X such that each open subset Ui admits local coordinates = {zj, • • ■ , z"): 

X = (J^eIU^. 

For a point p G UiHUj, we have two local coordinates Zi(j>) and Zj(p) whose coordinate transfor- 
mation are given by 

or more precisely for a = 1, • • ■ , n, 

zr = /g(zj,.-. .z^). (31) 

Here /^"(zj) are holomorphic functions defined on UiOUj. Note that one can give the compatibility 
conditions for Ui nUj nUk 9 

ftkM^ftMkM^---^f?kM) (32) 

Complex structure of X can be deformed by changing these coordinate transformations keeping 
the compatibility conditions. 

Let ;B be a complex manifold with a (global) coordinate system {ti,--- ,tm) and a specific 
marked point = (0, • • • , 0) G We may think that B is an affine variety or a complex analytic 
small open ball around the origin. 
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Definition 4.1. A deformation of X with a parameter space B 3 (ti, • ' ' ^ tm) is a proper smooth 
holomorphic map tt : X — > B such that the following diagram is commutative: 

X < ^ -X^Q — X 

B 3 . 

Definition 4.2. A deformation tt : X — > S of X is said to have a finite covering relative to B if 
X is covered hy {Ui = Ui x B} such that the following diagram is commutative: 

X = UieiiUixB) 

B = B 



Let us assume that tt : X — > B has a finite covering relative to B and take the local coordinate 
of Ui = Ui X B by {zj, - ■ ■ , z", ti, - ■ ■ , tm)- The coordinate transformation for Ui n Uj is given by 

~ fij i^j 5 ■ ■ ' ) ) ^1 ) ■ ■ ■ ) ^m) • 

We may assume that for t = 0, we have fijizj, ■ ■ ■ , z", 0, • • • , 0) = ■ • ■ , z"). 

Now we can introduce the Kodaira-Spencer class of the deformation tt : X — > B for each t € B. 

For simplicity we assume that B is one dimensional, hence t = ti is the global parameter of B. 
Let /i be a holomorphic function on an open subset V of X. Then on UidV, h is a function in a 
local coordinate h{zj, - ■ ■ ,zf',t). Assume that UiCiUj CiV ^ Regarding as 

h{zi,t) = h{flj{zj,t),--- ,/?5-(z,-,t),i), 

from the chain rule, we obtain 

dh\ _fdh\ -df^iz^dh 

9t)r\9t),^^^ dt dzf ^^^^ 

This implies that, as a vector field on Ui n Uj, wc have the following identity: 

dtjr\dt)+^^ dt dzf 



Let us set by 

dt dzf 



a=l 

From the compatibility conditions for UiD Uj DUk ^ 9i 

/SK,i)=/^(4(zfe, <),••• ,/;,(zfe,t),i), (36) 

we obtain the identity 

^ik{t) — Oij{t) + 9jk{t). 

This implies that {dij{t)} defines a Cech 1-cocycle with values in @Xf, hence defines a cohomology 
class 

e{t)&H\Xt,Qx,), 
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which is cahed the Kodaira-Spencer class 

dt 



If the dimension of B is greater than one, we can define the cohomology class for each . More 



precisely one can define the Kodaira-Spencer map 

p:T,{B) — . H\Xt,ex,) (37) 
V p{v)=0^{t) (38) 

by 

1 c/z ■ 

a— 1 

Here for 

^ d 

we set 



Definition 4.3. A deformation tt : X — > S is called locally trivial^ if for each point t G S there 
exists an open neighborhood / of t such that X\j — > I is complex analytically isomorphic to the 
product Xt X I. 



Proposition 4.1. ( ]KS[ ) Let tt : X — > B be a deformation of a compact complex manifold with 
parameter space B 3 t ^ (ti, ■ ■ ■ , tm). If for every point t G S dim_ff^(A:t, Qx^) is constant and 
Kodaira-Spencer map p is the zero map, then tt : X > B is a locally trivial fibration. 



For a proof in detail, we refer the reader to [Theorem 5.1, [KS]]. Since we will use the idea of 
the proof later, we explain an outline of the proof of theorem when dimS = 1. By replacing B 
with a neighborhood of t G S, we may assume that a deformation tt : X — > B has a finite covering 
{Ui = Ui y. B} relative to B. Then the Kodaira-Spencer class 

p{^^) = e{t)eH\XuQx^ 



is represented by Cech cocycles given in (|35|). Since 9{t) is cohomologus to zero, for each 

t we can find 

e,{t)eT{u,nXt,Qu^). 

such that 

6),j- [t) = Oj {t) - e, {t) on tj, n tjj n Xt 

From (|3^), we obtain the following identities of vector fields on each Ui n Uj fl Xt 

It) - fl) +[e,{t)-em, (39) 



and hence 



dtj- \dt 



-m^ (40) 
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At this moment, it is not obvious that the dependence of 

o 



e.,it) = Y^enz.,t)— (41) 

a=l 



with respect to t is in C°° class. However under the condition that dimH^{Xt,Qxt) is constant 
on B, one can prove that 9i{t) can be chosen as a vector field on Ui = Ui x B in C°° class. 
This implies that the vector field 

{(I) -^.WW (42) 



on Ui can be glued together and defines a global C°° -vector field, say, v on the total space X. We 

dt 



see that v is a. lift of vector field ^ by tt. Then on each open set Ui, we can consider the ordinary 



differential equation 

^ = -0r(z„<) a = l,-..,n. (43) 

And these set of differential equations can be patched together on whole X . Starting from an initial 
conditions (ai, • • • , a„, to) S Xt„, the solution (zi(aj, t), • • • , z„(aj, t)) of differential equation ( ^ ) 
defines a C°°-curve which is transversal to each fiber Xt- Then the whole solutions of ( |4^ ) define 
a foliation on X and define C°°-defeomorphisms : ^ A't. Moreover, one can show that this 
defeomorphism ipt is a complex biholomorphic morphism for each t £ B. 

This implies the following. If we have a family of compact complex manifolds tt : X — > B with 
a parameter t d B such that the Kodaira-Spencer map is zero, we will obtain a differential 
equation as in (^) defined on the total space X. 

Summarizing these, we have the following implications (cf. Figure |^). 



Deformation tt : X — > B of complex manifolds 
with zero Kodaira-Spencer map 



There exists a vector field v on X which is a lift of 





Differential Equation on n : X — > B given by v 






Local trivializations of the deformation X — > B 



Figure 3. 
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5. Global Deformations of Okamoto-Painleve pairs 
AfRne coverings and Symplectic Structures on S — D 

Let (5, Y) be a generalized rational Okamoto-Painleve pair. Then by definition, S has a rational 
2-forin loy whose pole divisor is Y. Setting D ~ Yred, the rational 2-forni loy induces a non- 
degenerate holomorphic 2-forms on the open surface S — D, hence induces a holomorphic symplectic 
structure on S — D. 

In |0l| , Okamoto introduced the space of initial conditions of Painleve equation of each type, 
which can be written as S — D for an Okamoto-Painleve pair (5, Y). The main reason why Painleve 
equations can be written as Hamiltonian systems is this holomorphic symplectic structure. For 



Painleve equations Pj, (J = II,III, IV,V,VI), Takano et al. fSlJ, [ |MMT[ constructed a good 
family of Okamoto-Painleve pairs {Sa.t,Ya^t) depending on the time variable and a system of 
auxiliary parameters a = (ai, • ■ • , as) appeared in each Painleve equation. 



Summarizing results in [ pT| ], |MMT|, let us explain the situation of spaces of initial conditions 
of classical Painleve equations in the way of our setting. Let R = R{Y) be a type of the root 
systems corresponding to a Painleve equation. Then there exist an afhne open subset Ada of 
— Spec C [a] = SpecC[ai, • • • , as], an afSne open subset Br of C = Spec C[t] and the following 
deformation of non-singular pair 

S ^ V 

/ ^ (44) 

Mr X Br 

where S — > M.r Br is a smooth family of rational surface and 2? ^ 5 is a normal crossing 
divisor. In order to relate this diagram to Okamoto-Painleve pair, let I Mry.Bb^*'^^ denote the 
sheaf of germs of relative rational two forms on S which have poles only along T>. There exists a 
section 

which induces a rational 2-form los^ t for each fiber Sa,t- The pole divisor ujs is denoted by y, 
and with suitable choice of uj^ we may assume that each fiber (iSot,t, 3^a,t) is an Okamoto-Painleve 
pair of type R — R{Y) and yred — T^. (Note that on 5 — P the relative rational 2-form ujs 
is holomorphic and non-degenerate on each fiber Sa^t — 'Da,t)- Assuming that the family ( |4^ ) 
is effectively parameterized and semiuniversal at each point oi A4r x Br, or equivalently the 
Kodaira-Spencer map 

P ■■ T^AMr X Br) i/i(5„,t,es„ J-logPc.,0) (45) 
is an isomorphism at each point, we have the equality 

dimMR = dimiJi(5„,t,es„_,(-logP„.t)) " 1- (46) 



(Note that the Okamoto-Painleve pairs of type Ds, Dj did not appear in the classical literatures 



(cf. 1011, [021, IMMTI).) 
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The dimensions of A4r/ for generalized 
rational Okamoto— Painleve pairs. 





















R = R{Y) 


Eg, 








^6 


Eq 


^5 




Painlcvc equation 


Pi 


^III 


Pii 


pDv 
^III 


^III 


Piv 


Pv 


Pvi 


s = s{R) = AitclMr 








1 


1 


2 


2 


3 


4 


{= tt of auxiliary parameters.) 



















Table 6. 



More notably, Takano et al. [3T], [MMT] constructed an affine open covering {Ui\^i of S for 
the classical Okamoto-Painleve pair of Painleve equation Pj {J = II, ■ • ■ , VI), which is relative 
to TT and so that 

Ui = Mb. y-BRxUi 

where Ui = Spec C[a;i, j/i] ~ C^. Moreover, we may assume that {Ui}\^i covers S — T> and for 
1 < j < /, we have 

In this sense, the restricted morphism 

IT -.S -V — > Mb, X Bb 



is a deformation of open symplectic surfaces. 



By using the results in Appendix B of jSakai , we can generalize the result of Takano, et al. as 
follows. 



Proposition 5.1. Let R = RiY) be one of types of the root systems appeared in Proposition Li 
which is additive type, so that 

dirnHhiOsi-^ogD)) > 1 



for corresponding generalized rational Okamoto-Painleve pair {S,Y) (cf. Theorem 3.1). (That is, 
R 7^ Ar-i). Moreover denote by r the number of irreducible components of D — Yred- 

Let Mr be an affine open subscheme in C*^ — SpecC[Q!i, • • • , as] of dimension s = s{R) = 9 — r 
and Br be an affine open subscheme ofC = SpecC[t]. Then there exists the following commutative 
diagram satisfying the conditions below. 

S ^ V 

/ V (48) 

Mr X Br 
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1. The above diagram is a deformation of non- singular pair of projective surfaces and normal 



crossing divisors in the sense of Definition 2.1 

2. There exists a rational relative 2-form 

which has poles only along T). 

3. If we denote by y the pole divisor oftos, then for each point {a,t) E A4r x Br, {Sa,t,ycx,t) 
is a generalized Okamoto-Painleve pair of type R =^ R{Y) and yred = ^• 

4. The family is semiuniversal at each point {a, t) G A^_r x Br, that is, the Kodaira-Spencer 
map 

P : T^AMr X Br) i/i(5„,t,e5„,(-logP„,t)) (49) 

is an isomorphism. For a Zariski open subset of M.r, x Br on which the corresponding 
Okamoto-Painleve pairs are of non-fihered type, one can choose the coordinate t such that 
( cf. Proposition 5J ) 

p{§l) e ifi,^j5„,t,e5„,,(-iogp„,t))--i/'(5„,t,e5„,(-iogp„,t)) (50) 

5. Let Mr and Br denote the affine coordinate rings of Mr and Br respectively so that A4r = 
Spec Mr and Br = Spec Br. (Note that Mr and Br is obtained by some localization's of 
C[ai,--- , Qfs] and C[t] respectively. ) There exists a finite affine covering {UiYiti of S 
relative to ^Ar x Br, such that there exists an isomorphism for each i 

~ Spec{MR(^BR)[x„y„— ^ -] c SpecC[a,i,x„y,] ~ ~ C^^-- 

Here fi{xi, yi, ol, t) is a polynomial in {MR®BR)[xi, yi]. Moreover we may assume that S~T> 
can be covered by {Ui]\^i. Moreover for each i the restriction of the rational two form uug 
can be written as 

_ dx, A dyi 

'"^1^- - /.(x„y.,a,t)- ^^^^ 

6. For each pair i,j .such that Ui Cl Uj ^ 0, the coordinate transformation functions 

^ ftj{xj,yj,a,t), y,^ g,.j {xj ,yj,a,t) (53) 
are rational functions in C[xj,yj,cy.,t]. 



Here we will give a sketch of the proof of Proposition |5.l| . (See pa-Te| for explicit constructions.) 
For a generalized rational Okamoto-Painleve pair {S, Y), we see that 5* can be obtained as a blowing 
up of at (possibly infinitely near ) 9-points which lie on anti-canonical divisors. Then one can 
parameterize these 9-points in a suitable way, and this leads to a special time parameter t and other 
parameter ai, • • • , as, hence we obtain affine schemes Mr and Br, Moreover we can construct a 
semiuniversal family tt : S — > Mr x Br of rational surfaces by blowings-up of x Mr x Br. 
Moreover by these explicit constructions, we can obtain the affine coverings of the total space S 
as above. 



DEFORMATION OF OKAMOTO-PAINLEVE PAIRS AND PAINLEVE EQUATIONS 



25 



Remark 5.1. We can construct a similar family of generalized Okamoto-Painleve pairs of type 
Ar-i, 2 < r < 9 (multiplicative type). However as proved in we see that 

Hl.{S,es{-\ogY)) = {0}. 

This result implies that we can not obtain a differential equation from the generalized Okamoto- 
Painleve pair of type Ar as in the way above. 



6. From Global Deformations to Hamiltonian systems 

In this section, we will explain how one can derive Hamiltonian systems from global deformation 
of generalized rational Okamoto-Painleve pairs of additive type. Strictly speaking, we can obtain 
differential equations from certain special deformations of generalized rational Okamoto-Painleve 
pairs of additive types, but these equations are not always Hamiltonian systems in the global 
algebraic coordinate systems given in Proposition 5.1. In this section, we will clarify this point by 
means of symplectic structure on the open surfaces. For classical Okamoto-Painleve pairs, it is 
known that these Hamiltonian systems are equivalent to the original Painleve equations. 



Let R — R{Y) be one of types of additive afHne root systems appeared in Proposition |L2| and 

let 

S ^ V 

/ ^ (54) 

Mr X Br 



be a global deformation of generalized Okamoto-Painleve pairs of type R as in Proposition 5.1. 
The total space S has a finite affine covering {C^i}'^^^ such that 

Ui~'&]yec{MR® BR)[xi,yi,— ^- — ] C Spec C[q;, i, x^, y^] (55) 

as in (|T]). Moreover, we may assume that S — T) can be covered by {Ui}{^i, that is, 

Let us recall that the coordinate transformations in (^3|) for Ui DUj 7^ are given by the rational 
functions 

Xi = fij {xj ,yj,a.,t), = g^j {xj ,yj,a,t) (56) 
The Kodaira-Spencer class p(^) can be represented by the Cech 1-cocycles 

4? = ^ = + ^ ^(^^ ^ ^.e,/^„.,J-logP)) } (57) 



From (pG) of Proposition 5.1, we may assume that p{-m) is non-zero element of the local cohomology 



■■dt 

group 



i/i,^^(5„,t,e5„,(-logP„,t))- (58) 
Since the local cohomology group is the kernel of the natural restriction map (cf. Proposition |3.1| ) 

res : i7i(5„,t, O^^,, (- log2?o,,t)) ^ i/^(5„,t - e5„,,(- logP„,0), (59) 



26 



MASA-HIKO SAITO, TARO TAKEBE & HITOMI TERAJIMA 



the Kodaira-Spencer class /o(^) is cohomologus to zero in H^{Sa,t — I'a.t, 05„.t (~ log^a,*))- 

Since dimensions of these cohomology groups are constant as a function of (cc, i), by an argument 
using the base change theorem, we see that for 1 < z < ^ there exist regular vector fields 

d d 
0i{xi,yt,a,t) ^ r]i{xi,yi,a,t)— + Q{xi,yi,a,t)— £ r{Ut,eQ,) (60) 

such that 

9ij{xi,yi,OL,t) = 9j{xj,yj,cit,t) - Oi{xi,yi, cit,t). (61) 

Since we are working in the algebraic category, we can choose r]i{xi,yi,a,t) and (^{xi,yi,a,t) as 
rational functions in the variables a, i, Xi,yi. 
As in (|3^ ) of we have the identity for i,j 

' +%(a,t), (62) 



dtj- \dt 



and hence just for 1 < i, j < ^, we have 

-) = (- 

dt L \ dt 



d\ ( d 

-TT.] +i9jixj,yj,a,t) -0^{xi,yi,oc,t)), (63) 



or 



- ^'j(a;j,yj,a,i) = ) - 0^{xi,y,,a,t). (64) 



~ 9i{xi,yi,OL,t))i<i<i (65) 



This means that the vector fields 
can be patched together and defines a global vector field 

Note that this global vector field v is a. lift of ^ via n : S — V — > Mr x Br. 
From the above argument, we have the following 

Theorem 6.1. Let R ~ R{Y), S, 2?, A4r x Br 3 (a, t) be as above. Then we obtain the differential 
equation defined on S — D whose restriction to each affine chart Ui, 1 < i < I, is given as 

^ = -Vtixi,yz,a,t) 

(66) 

where the functions appeared in the right hand sides are rational functions in the variables Xi,yi,a,t. 

Remark 6.1. 1. The argument above shows that there exists a differential equation as above 
at least locally for any direction corresponding to the kernel of the restriction map 

res : H\S,Qs{-logD)) ^ H\S - D,es{-'^ogD)). 
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2. Let US recall the so-called Painleve property which is states as follows. // {x{t),y{t)) is a local 
solution of ^dj) determined by an arbitrary initial conditions (xq = x(to),yo = y{to)) G Ui 
with fixed to G Br then both solutions x(t) and y(t) can be meromorphically continued along 
any curve in Br with a starting point to- For non-classical Okamoto-Painleve pair, it is not 
clear that the differential equation in (^6|) has the Painleve property. In general, the proof 
of Painleve property for classical Painleve equation is not so easy. We hope that there is an 
easy geometric proof of the Painleve property for differential equation in mt 



It is well-known that each classical Painleve differential equation Pj, J = I,II, - - ,VI is 
equivalent to a Hamiltonian system (Hj) whose Hamiltonian Hj{x,y,a,t) is a polynomial in 



ix,y)€C' (cf. pi, IMMTI) 



dHj 

[Hj): { «^ 9y (67) 

■ ^ dHj 

dx 

In what follows, we shall show how this Hamiltonian systems arise from our differential equations 
in ( |6^ ) obtained from the deformation of generalized rational Okamoto-Painlve pairs. 
Let us recall the general situation. Recall that S — V is covered by {Ui}\^i and 

ij, = Spec{MR ® BR)[xi,yi, — -] C Mr x Br x 

ji(Xi,yi,a,t) 



and the restriction of the relative two form ujg to Ui can be written as 

dxi A dyi 



(68) 



■ ^5|c7. = -p^iVtdyt - Cidxi). 



'•^1^- h{x„y„a,tY 

Let 9i{xi, yi, a, t) be the vector fields defined in (|60|). The contraction of 6i and i^^^fj. is given by 

1 
ff 

Consider the following regular two form on Ui for each I < i < I 
Lemma 6.1. On Ui fl Uj ^ 0, we have 

= er(c/,nc7„i72_^/^j. 

Hence, we have a regular two form Vl e T{S — V, ^"s^xi/Mn) ^'^'^^ ^^^^ 

I — 

Proof. Since tt : S — T> — > A4 r x Br is smooth, we have the following exact sequence 

> TT ^Mj^xBr/Mr * ^S-V/Mr * ^S-V/MrxBr * ^- 
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Moreover since the relative dimension of n : S — V — > Aiji x Br is two, we have the exact sequence 

^ ^S-V/MrxBr ® '^*^MrxBr/Mr ^ ^S-V/Mr ^ ^S-V/MrxBr ^ ^ 

Note that the global section ajg lies in the space 

Hence by a local calculation if we restrict cug to each Ui, then on Ui n C/j 7^ we have the relation 

where % is Kodaira-Spencer class representing p{-§^)- Then, by using the relation (|6l|), we see 
that 

^s\u, - ^« • ^s\u, = ^s\u, - ■ ^s\u, ^ (69) 

This completes the proof. □ 



Let 



ds-V/MR ■ ^S-V/Mr * ^S-V/Mr 



be the relative exterior derivative. Since the deformation S — T) — > Br preserves the regular two 
form ujSac 1 1 by an standard argument we have the following 

Proposition 6.1. 

ds-v/MR{^) = 

Looking at the isomorphism 

^%-V/Mr — ^S-V/MrxBr ^*i^MRXBR/MR)' 

let us write 

ds-v/Mai^) ^ Vs-v A dt 

where 

ris-v e r(5 - V, ^I^v/MrxBr)- 
(Note that ris-v may not be a global regular 2- form in ^s-v/Mr- ) Then we have 

dxi A dyi 



ds-v/MR{^\u) - ds-v/MRi j^(a.^^y^^Q,^^)m. ~ ■ A dt) 

[- ( ^ 

'dt \fi{xi,yi,a.,t) 



( T7 ) ^ dy, - d^{0, ■ ujs)) A dt 



where we set d^ = ds-v/MnxBR- 

Therefore, Proposition 3.1 implies the following important 

Corollary 6.1. For each i, 1 < i < I, we have the fundamental equation 



a 



dt \fi{xi,yi,a,ty 



A% - ^^(6*, • = (70) 



Now we obtain the following fundamental results. 
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Proposition 6.2. For i, 1 < i < I such that 



Ui = Mb. X Bb. X Spec C[a;.i, y,] ~ Mr x Br x u^.^, = dx^ A dyi, (71) 



we have 

d^{9, ■ dx^ A dyi) = d^^irj^dy, - Cidxi) = 0. 
Since _ff^^(C^) — 0, we have a regular function Hi{xi,yi,OL,t) G [Mr® BR)[xi,yi\ such that 

QH OH- 

d^rH, = -^dxi + 'Q:^'^yi ^ ^{Oi- dxi A dyi) = -r]idyi + Qdxi. 
From this, we have 

Therefore, the differential equation can be written in the Hamiltonian system 

dH, 




dy 
_d 
dxi ' 



(72) 

dHi 



Remark 6.2. 1. If fi{xi,yi,a,t) in ( |68| ) is independent of t, from the fundamental equation 
(|70|),we obtain 

dx^hdy^ 

Therefore, we may have a chance to have a regular function Hi{xi, yi, a., t) on C/^ such that 

dxi A dyi 



dyrHi — 



fi{xi,yi,a.) 



In this case, the differential equation in (66) can be written in 



dt ' dyi ^73^ 

dt ■ dx, ' 



or equivalently, 

1 dx, diJ," 



(/.)"- dt % ^74) 

1 dj/i _ dHt 
(/,)"' di " dx, ■ 

2. In general, we can not transform the differential equation in ( |66|) into a Hamiltonian system 
in the global affine coordinates. 

3. Takano, et al. show that for any Okamoto-Painleve pair {S,Y) of type Di{= Pvi),D^{= 
Pv),De{— Piii), Eq{= Piv),E'j{— Pii) , the open surface S — Y^ed is covered by a finite 
number of affine spaces Ui = and regular 2-form i^g^fj. can be written as in dxiAdyi. Hence 
from Proposition |6.2| we obtain the Hamiltonian systems for those Okamoto-Painleve pairs 



on any affine chart Ui of S — D as proved in |01|, |MMT]. Note that for an Okamoto-Painleve 
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pair {S, Y) of type Dg, S — Y^ed does not contain (cf. Theorem 1.1 and Proposition 1.2) 
For explicit descriptions of Ej and Dg, see §||. 

We summarize our results in this section as follows (cf . Figure ^ . 



Deformation V ^ S — > A^a x Br 3 {a,t) of Okamoto-Painleve pairs such that 
for any (a,t) £ Br the Kodaira-Spencer class p{-§^ ) lies in the Kernel of the 
restriction map res : ^^(^q,,*, 65^ ^ (- logI?a,t)) — ' H^{Sa..t - 25a,t, 65,,.* (- log^a,t)) 



There exists a global holomorphic vector field v on S — V which is a lift of 



dt 



Differential Equations on tt : iS — P — > A^_r, x Br defined by v 



jl Painlcvc property 



Local trivializations of the deformation 5 — P — > Br 



Figure 4. 
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7. Painleve Equations 

Let us recall the classical Painleve differential equations and Hamiltonian systems which are 
equivalent to the Painleve equations ([ tKSY| , [Q, ]0l|). 

Painleve equations Pj (J — I, II, ■ ■ ■ , VI) are given in Table 0: 



Pr 



Pi 



II 



P, 



III 



IV 



P 



VI 



fx 

It^ 

fx 
fx 
fx 
fx 
fx 



= Qx^ + 1, 



2x^ + ia; + a, 



I f dx\ Idx 1 , T „^ s ^ 

xKdt) + + 



1 



1 



2x X — 1 



1 fl 



1 



2 \ x X — 1 X ^ t 



Idx {x~ 1 2 

1- 

t dt 

2 



1 



1 



X ^x(x + 1) 
t X — 1 



dxy_ fl 

11) Vt ' t - I ' X - tj \dt J' 



dx\ 



x{x — l){x — t) 



t t-i 

X [x — 1) 



1 _ A tjt - 1) 

2 J {x- tf 



Table 7. 



Here x and t are complex variables, a, (3, 7 and 5 are complex constants. It is known that each 
Pj is equivalent to a Hamihonian system (cf. @, |kS^, |1MMI| ): 



{Hj) 



dx 


dHj 


m ^ 


dy 


dy _ 


dHj 


dt ~ 


dx 



(75) 



where the Hamiltonians Hj are given in Table ^. 

Moreover the relations between the constants in the equations Pj and the Hamiltonians Hj are 
given in Table ^. 

For the meaning of the constants in Table |9[ see [ [KSY | , |02| . Note that these constants are 
not effective parameters. In some cases, we can normalize these constants further by coordinate 
transformations. Moreover, the equivalence of Pj and (Hj) means that if we eliminate the variable 
y in (Hj) then we obtain (Pj). 
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Hi{x,y,t) 
Hjj{x,y,t) 
Hiii{x,y,t) 
Hiv{x,y,t) 

Hv{x,y,t) 

Hvi{x,y,t) 



_y2 _ _ tx, 

^ ..2 ( J2 ^ 



1 



- [2x^y'^ - {2riootx^ + (2ko + 1)2: - 2riot] y + Voo (^o + Koo) tx] 

2xy^ — {x^ + 2tx + 2ko} y + kqx, 
1 



t 



[x{x - l)^y^ — {ko{x - 1)^ + Ktx{x - 1) - rjtx} y + k{x - 1)] , 

J(^j~J^ [a;(x - l)(x - t)y'^ ~ {no{x ~ l)ix - t) 
-\-Kix(x — t) + (kj " \)x{x — l)}y + k{x — t)] 

(^K -.^ i {(ko + Kl + Kt - 1)^ - kL}^ 

Table 8. 





a 


/3 


7 


<5 


number of aux. parameters 


Pi 


none 


none 


none 


none 





Pii 


a 


none 


none 


none 


1 


Piii 


^I]oo ^00 


4?7oo(ko + 1) 






2 


Piv 


— KO + 2Koo + 1 


— 2kq 


none 


none 


2 


Pv 


2 00 




-r;(l + Kt) 




3 


Pvi 


2 00 


2^0 


2K1 




4 



Table 9. 



Remark 7.1. For the Painleve equation of type P///, we have the foUowing remark by Sakai in 
pakai |. The Painleve equation of type P/// as in Table |^ can be transformed into 

(fx I f dx\^ 1 dx x^ 13 5 ,_„. 

If 7(5 7^ 0, then we can normalize 7 = — (5 = 4 without loss of generality. In this case we obtain the 
Painleve equation of type P^f'j- 
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dP~x['dt) ~t'dt'^I^^ '^'''^U~x- 

If one of 7 and S equals to zero (not both), then wc have P/J}. 

pD7 . d'^x_l^dxY Idx l + 2o 

Moreover when 7 = ^ = 0, we have P^j): 

d'^x fdx\^ Idx x^ 4 
d^'xydt) " m ~ 4fi ~ 1' 

These difFcrcntial equations correspond to generahzed rational Okamoto-Paileve pairs of 

Dq,Dt,Ds respectively. 
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8. Examples 

In this section, we will apply our methods for deriving the differential equation in ( |66| ) from 
the explicit deformations of Okamoto-Painleve pairs. We shall give a full detail of the cases of 
i?7(= Pji) and Ds{= Pfn)- For other cases, see [ ga-Te | . 

Example 8.1. E7— type: In this case, we will use the Takano's description of the family of 
Okaomoto-Painleve pairs of type (cf. [Theorem 4, |MMT|]). We will not consider all of 
the family S — > MrX Br, but consider the family S — V — > Mny. Br which is constructed as 
follows (cf. 13). Let us set 

Mr = Spec C[a] ~ C, Br = Spec C[t\ ~ C 

and take three afhne schemes i — 1,2,3 

[7, = SpecC[a,t,a;„y,] ~C4. (80) 

The family S — T) — > M.r x Br can be constructed by patching these afhne schemes by the 
coordinate transformations given as follows (cf. ]A/IMT[ ): 



2/0 

Xl 

yi 

2/2 



1 

xi((-a - ^) - xiyi) 

X2 



_ 1 

= 2x2^ + t+{a- ^)x2 — y2X 
1 



1 

Xq 



2 t 2a 

— - 72 - — + 2/2 
2 X2 



xo 



1. 



X 



X2 



xo{{-a - 2) ~ ^02/0) 



Xl 



2a 



2.T0 + txQ + (a - -)xo - xoj/o = — + — ^ 1- 2/1 



The Kodaira-Spencer class p{-§^)st-Vt is given by the Cech 1-cocycle 



d 

dyo' 



yi2 



' dyi 



Setting 



-2/0 + ^0 + 2 



d 
dxo 



2x02/0 + " + 2 



d 

dyo 



i [-2 - txl -xl- 2axl - 2xiyi] ^ 



72 : = 



we have the relations 



+ - [(1 + 2a + Axiyi){t + a:i(l + 2a + 2xiyi))] — 
4 dyi 

i(2 + txl + (2a - 1)2:^ - 2^22/2)^ 

1 d 
+ -(-1 + 2a- 4x2y2){t + X2{-1 + 2a- 2x2y2))^, 
4 dy2 



(81) 

(82) 
(83) 
(84) 

(85) 
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that is, 

^0 = ^1 1 ^2 = ^02 

Since on each Ui, the relative 2-fornis LUs^-p is given by 



by Proposition 6^ the 1-forms 9idxif\dyi is exact form, hence there exists a polynomial Hi(xi, yi,a,t) 
satisfying 

The polynomials i?,; are called the Hamiltonians and given by 



Ho{xo,yo,a,t) 
Hi{xi,yi,a,t) 



1 2 
2% 

















1) 



txi atx^ xi axi a xi 1 n 



H — ^ 1- axlyi + 



H2{x2,y2,a,t) 



1 



2 ■ "-1^. ■ 2 ' 
^ [(1 - 2afxl - 8y2 - 4(-l + 2a)xly2 + ^x^yl 
-2te2(l-2a + 2a;22/2))]- 
Hence the Hamiltonian system defined on [/q is given by 

, t 



dxQ 


dHo 


^ ~dt 


dyo 


dyo 


dHo 


. dt 


dxo 



= yo-xo 



2' 



Eliminating yo in PQ)' obtain 



(Pxo 



= 2xoyo + a + i. 



2xo + xot + a, 



which is the Painleve equation Pjj in Table ^ 



(86) 
(87) 



(88) 
(89) 



(90) 



(91) 



Example 8.2. Dg— type; The Okamoto-Painleve pair {S,Y) of type Dg, did not appear in the 
former literatures [[KSY|, |01| explicitly. Since S — Yred does not contain as a Zariski open set 



( cf. Theorem 1.1), the situation is a little bit different from the classical cases. 

We can construct a family of generalized rational Okamoto-Painleve pair of type tt : 
S — V — > Br by blowings- ups as in Sakai |Sakai|. For detail, see Sa-Tet . Here note that 
dimiJi(>St,es,(-logA)) = 1 and dimTW^ = and 

Br SpecC[i,i"i] ~ 



The total space S — T) is covered by the three affine open sets: 



S -V ^UoUUiUU2. 
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These afEne open sets are given by: 

Uo = SpecC[xo,yo, -,t,t-^] ^ (C^ - {yo = 0}) x C^ 

yo 

Ui = SpecC[xi,yi,-— ^ z,t,t-'] ^ (C^ - yi) = 0}) x C^ 

^i{Xi,yi) 

U2 = SpecC[x2,y2,Tn -,t,t-^] = - {F2{x2,y2,t) = 0, t = 0}, 

F2{X2,y2,t) 

Fi{xi,yi) = l + xiyi'^, 

F2{X2,y2,t) = t - ty2 + X2y2'^ ■ 



where 



(92) 
(93) 



The coordinate transformations are given as follows 



Xo 

yo 

Xi 

yi 



yiFi{xi,yi) 

1 

yi'^Fi{xi,yi) 
yo'^i-xo^ + yo) 



Xo" 



Xo_ 

yo 



X2 = xo{-txo + x^yo + 1) 



I 

2/2' 

{t + x2y2^ -ty2), 

y2{t + x2y2 -tyi), 
1 

yl{t{l ' y2) + X2yiy 
l+tyiFf{ylF^-l) 



2/2 



1 

Xo 



yfFl 

yf{l+xiy1). 



The Kodaira-Spencer class p(^)st-x't G H^i^t — T^t, 05t(~ logPt)) is given by Cech cocycles 
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0, 002 = 



-1+xo d 



xo^ dyo' 1/2^ dx2' 

Since p[^)st-Vt = G H^{St — I>t)€)5t(— log2?t)), we can obtain Cech coboundary {6i G 
T{Ui, 6ij./B^} such that 

{6»y } = {Oj - 0i}. 

In fact, we can choose the following holomorphic vector field 6i on each open set C/, 

t-yo^ d -2 Xo yo d 



-1 + 2/2 a 



(94) 



60 



t yo dxQ t dyo 



a Mxi,yi,t) d gi{xi,yi,t) d 
(71 = . ^ / TT^ r 



72 = 



t Fi{xi,y{) dxi t Fi{xi,yi) dyi 

f2{X2,y2,t) d 92{X2,y2,t) 8 



(95) 



+ 



t F2{X2,y2, t) 8X2 t F2{X2,y2, t) 8y2 
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where 

h(xi,yi,t) = -2yi(t - 2a;i2 + Steij/i^ + ^tx^'^y^^ + Ttei^yiS + 2txi^yi^), 
gi{xi,yi,t) = 1 -Xiyi^ +tyi4_^3teiyi6 + 3tei2yi8 

f2{x2,V2, t) - + itx2 - 2t^y2 + txaj/a - 2x22^3 + Tt^ - 8t^y2^ - 8t^X2y2^ 

+3t^y2^ + lSt^x2y2^ - I0t^x2y2^ - I0tx2^y2^ + lltea^ya^ - 4x23y2^ 
92(2:2, 2/2, t)= -t + ey2^ - 2thj2'' + i^ya^ + 2ia;2y2^ - 2te2y2^ + X2^y2'^. 
Then we actuaUy have the foUowing relation as required 

^0 = ^'i, ^2 = (^02 + ^0- 



Hence, we have the differential equation on 5 — I? as in Theorem |6.1| , and on each open set 
t/i, i = 0, 1, 2 the differential equation can be written as follows (cf. (|66|)). 

{dxo _ t - ya^ _ dHp 
dt tyo ^"9yp (97) 

dyo _ 2 xq yo _ dHp ^ ' 

dt t dxo 

dxi fi{xi,yi,t) ■.2dHi 

~jr = ~TEn ^'^Fl{xl,yl) — — 

On^i { f dyi (98) 

> dyi gi{xi,yi,t} ■.20H1 ^ ' 

~7r = ^T^^ V " -^n^i^yv -J, — ■ 

at t ri{xi, yi) axi 
dx2 _ h{x2,y2,t) 

OnC/2 { f ^ tF2iX2,y2,t) ,gg. 

' dy2 92[X2,y2,t) ^ 



t F2{x2,y2,t) ' 



Here Hq, Hi are given by 



Ho = (-^ + ? + -), (100) 



t t t/o/ ' 

Hi = [yi^ + xiyi^ + -7—^^^] ■ (101) 



t{l + xiyi^) 

Moreover on each Ui, i = 0, 1, 2, the relative 2-forin oj^-d are given by 

^5-i5|c7o ^ ~ dxoAdyo 

'^s-viu, = TTT^ -^dxiAdyi 

Fi{xi,yi) 

For each z = 0, 1, 2, consider the 1-form on 17^ 
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Then since does not depend on t for i = 0, 1, the fundamental equation ( |7C| ) is reduced 

to 

dM^S-v\u.)) = 0, for i = 0, 1 ■ (102) 

Though Ui is not simply connected, we can integrate 9i(uj^_jy^jj,) and obtain Hi for i — 0,1 defined 
in dlOOl ) and (|lOl|), that is, 

d^Hi = ^'j(t^5_i5|c/.)- (103) 

On the other hand, since 02{o-!g_x>\u ) really depend on t, the fimdamental equation ^ 
becomes as follows. 

d 



dt 



This last equation is equivalent to the following equation, which one can check by hand. 



d ( 1 



d 



dt\F2) ' dx2 UFi 



h 



d f 92 
dy2 Wi 



Eliminating xq from the differential equation (pT\), we obtain the differential equation 



d'^yo If dyo 



df^ yo y dt J t dt t2 t' 
It is easy to see that this equation is equivalent to the equation P^/j in (|79|). 



(104) 



(105) 



(106) 
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